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Abstract. This paper is on the homotopy classification of maps of (n + f )-dimensional manifolds into the 
n-dimensional sphere. For a continuous map / : M n+1 — > S n define the degree deg/ £ J?i(M* l + 1 ;Z) to be 
the class dual to f*[S n ], where [S n ] S H n (S n ;Z) is the fundamental class. We present a short and direct 
proof of the following specific case of the Pontryagin-Steenrod-Wu theorem: 

Theorem. Let M be a connected orientable closed smooth (n + l)-manifold, n > 3. Then the map 
deg : TT n (M) -» fli(Af;Z) is 

1- to-l (%. e., bijective), if w 2 (M) ■ p 2 H 2 (M;Z) ^ 0; 

2- to-l (i. e., each element a G i?i(M;Z) has exactly 2 preimages) — otherwise. 

The proof is based on the Pontryagin-Thom construction and a geometric definition of the Stiefel— 
Whitney classes Wi(M). 



1. Introduction 

Throughout this paper let M be a connected orientable closed smooth manifold of dimension m = 
n + k. Denote by Lk(M) the set of /c-dimensional framed links in M up to framed cobordism. By 
the Pontryagin-Thom construction, the set L^{M) is in 1-to-l correspondence with the set n n (M) = 
[M; S n ] of continuous maps M — ► S n up to homotopy. The main purpose of this paper is to describe 
L\(M) — ir n (M) for k = 1 and in the "stable range" n > 3. The description of 7r™(M) was reduced in 
[Pon39] [Ste47] (see also [FoFu86; §30.3]) to a calculation with Steenrod squares, which was done by 
Wu (cf. [FoFu86; §30.2.D]). 

In this paper we present a short proof of this Pontryagin-Steenrod-Wu classification theorem. There 
are reasons to believe that this is Pontryagin's original proof, which he never published, because he 
went straight ahead to the general case - when M is an arbitrary polyhedron (cf. Theorem 1.2 below 
and the remark after its statement). 

This classification is based on the notions of natural orientation on a framed link and degree of a 
framed link, defined as follows. Take a point 1011a framed link L and let f±, . . . ,/„ be the frame at 
this point. The basis e\, . . . , of T X (L) is said to be positive, if the basis e\, . . . , efc, /i, . . . , f n of 
T X (M) is positive. The degree degL of L is the homology class (with integral coefficients) of positively 
oriented L. So we have a map 

deg:L fc (M)->flfc(M;Z). 

The Hopf- Whitney theorem (1932-35) asserts that this map is bijective for k — and surjective for 
k = l. 
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Theorem 1.1. (a) Let M be a connected orientable closed smooth (n+1) -manifold, n > 3. The degree 
map deg:Li(M) -> H 1 (M;Z) is 

1- to-l (i. e., bijective), if w 2 (M) ■ p 2 H 2 (M;Z) ^ 0; 

2- to-l (i. e., each element a G H\(M;Z) has exactly 2 preimages) — otherwise. 

(b) Let M be a connected orientable closed smooth (n + 2) -manifold, n>3. Then an element a lies 
in the image o/deg: L 2 (M) — > H 2 {M; Z) if and only if w 2 (M) ■ p 2 a = 0. 

Here • is the multiplication H k (M;Z/2Z) x H k (M;Z/2Z) Z/2Z and -> Z/2Z is reduction 
modulo 2. However, in the proof of Theorem 1.1 it is convenient to replace the cohomological Stiefel- 
Whitney classes by their homological duals. These classes are denoted by the same letters Wi and Wi, 
and their geometric definition (equivalent to other definitions) is recalled below. Then • in the above 
(and in all the below) formulae is to be understood as the intersection product Hi(M) x Hj(M) — ► 
Hi+j-m{M). Notice that the condition p 2 (3 ■ w 2 {M) ^ in case (a) of Theorem 1.1 cannot be replaced 
by w 2 (M) ^ (e.g., for M = MP 4 ). 

Theorem 1.2 (Pontryagin). (a) Let M 3 be a connected orientable closed smooth 3-manifold. Then 
for each a G _ffi(M 3 ;Z) there is a 1-1 correspondence between the sets deg -1 a and Z 2d / a \, where d(a) 
is the divisibility of the projection of a to the free part of H\(M 3 ;%). 

(b) Let M be an orientable closed smooth ^-manifold. Then an element a lies in the image of 
deg: L 2 (M) -> H 2 (M ; Z) if and only ifa-a = 0. 

Theorem 1.2.b can be proved analogously to our proof of Theorem 1.1. b below. Our methods can 
be used to prove Theorem 1.2. a which was stated without proof in [Pon39]. In fact, Theorem 1.2. a 
was not included in [Pon39] (published in English), but only in the abstract (published in Russian), 
without any indication of its proof. A short geometric proof of this result is published, for example, in 
[CRS07]. 

2. Geometric definition of homology Stiefel- Whitney classes 

Take a general position system of s smooth tangent vector fields on M . Let E C M be the set of 
points at which these vector fields are not linearly independent. 

By transversality [DNF79; §10.3], E is a pseudomanifold in M . The Stiefel- Whitney class w m +i- s (L) e 
H s _i(M; Z/2Z) is the class of the pseudomanifold E (this is the first obstruction to existence of a linear 
independent system of s tangent vector fields on M) . 

This definition can be easily generalized to the case when tangent vector fields in TM are replaced 
by vector fields in an arbitrary vector bundle with the base M. If L C M is a submanifold, then such 
classes for the normal bundle of L in M and for the restriction of TM to L are denoted by w 2 (L) and 
w 2 (M)\l, respectively. 

We will also use relative versions of these classes. For example, suppose that L C M is an l- 
submanifold with boundary and a system / of m — I — 1 linearly independent normal vector fields is 
given on dL. Then we can extend / to an arbitrary general position system of normal vector fields on 
L. 

Define w 2 (L,f) 6 Hi^ 2 (L;Z/2Z) to be the class of the (I — 2) -pseudomanifold, on which these 
extended vector fields are not linearly independent (this is the first obstruction to extension of / to a 
linear independent system on L). We will omit / from the notation, if no confusion could arise. 

3. Proof of Theorem 1.1. b 

Take any a € H 2 (M;Z). Realize a by an orientable 2-submanifold L C M. Clearly, a G Imdeg if 
and only if L can be framed (for some choice of L). 

We may assume that L is connected. Indeed, if some disconnected L can be framed, then the 
submanifold, which is the connected sum of all connected components of L, can also be framed and 
realizes the same homological class. 

In this paragraph we show that L can be framed if and only if w 2 (L) = 0. By the definition of 
w 2 (L) this condition is necessary. In order to prove the sufficiency assume that w 2 {L) = 0. Since n > 3 
and dimi = 2, it follows that there is an orthonormal system of vector fields /i, . . . , f n -\ which are 
normal to L. Since L? and M"+ 2 are orientable, it follows that the normal bundle to L is orientable. 
Fix an orientation of this bundle. Taking a unit vector field /„ ortogonal to /i, . . . , f n -\ and such that 
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the basis fi, - ■ ■ ,f n is positive (with respect to the specified orientation of the bundle), we obtain the 
required framing. 

Now the theorem follows from the equalities 

w 2 (L) = w 2 (M)\ L = w 2 (M) ■ [L] = io 2 (M) • Piot- 

Here the first equality follows by the Wu formula of Stiefel- Whitney classes of the sum of two bundles: 
w 2 (M)\l — w 2 (L) + wi(L) ■ u>i(L) + w 2 (L) 7 in which w 2 (L) = W\(L) = because L is an oricntable 
2-manifold (the first equality can also be proved directly). The second equality follows by the above 
geometric definition because L is connected (we identify H Q (L; Z/2Z) Z/2Z ^ H (M; Z/2Z)). □ 

4. Proof of Theorem 1.1. a 

Take an element a 6 H 1 (M\Z). Let L\,L 2 C M be a pair of framed 1-submanifolds such that 
dcgZv! = dcgL 2 . Denote by [Li], [L 2 ] £ L\{M) their classes. Since L\ and L 2 are homologous, 
it follows by general position that there is an embedded 2-dimensional cobordism L C M x I (not 
framed) between them: dL = L\ U L 2 . Clearly, [L\] = [L 2 ] if and only if for some L the framing of dL 
extends to L. Assume further that L is connected. 

Let us show that the framing of dL extends to that of L if and only if w 2 (L) = 0. By definition of 
the relative Stiefel- Whitney classes this condition is necessary. Let us prove the sufficiency. Assume 
that w 2 (L) = 0. Since n > 3 and dimL = 2, it follows that the orthonormal system of the first n — 1 
vector fields of the framing of dL extends to L. 

Since L and M x I are orientable, and L\, L 2 are naturally orientable, it follows that there is an 
orientation of the normal bundle of L in M x J restricted to the given orientations on L\ and L 2 . So 
we can add one more unit vector field to the constructed ortonormal system on L to obtain a positive 
basis at each point of L (with respect to the specified orientation of L). So the required extension of 
the framing of dL to L has been constructed. □ 

Completion of the proof of Theorem 1.1. a in the case when w 2 (M) ■ p 2 H 2 (M,Z) ^ 0. If 
w 2 (L) = then there is nothing to prove. Assume now that w 2 {L) = 1. Here w 2 (L) £ Hq{L\ Z/2Z) = 
Z/2Z, because L is connected. Further we identify all groups ffo(A;Z/2Z) isomorphic to Z/2Z with 
Z/2Z. 

Let us construct a new cobordism V between L\ and L 2 such that w 2 {L') = 0. Take an element 
(3 E H 2 (M;Z) such that w 2 (M) ■ p 2 (3 = 1. Let K be a connected orientable general position 2- 
submanifold realizing the class (3. We may assume that K C M x i. Then 

w 2 (K) = |S x / n K\ = |S n K\ = w 2 (M) -p 2 /3=l mod 2. 

Here E C M x \ is a submanifold realizing the class w 2 (M), the first equality follows from geometric 
definition above. Put L' = L$K (L n K = by general position). By Claim 4.1 below w 2 {L r ) = 
w 2 {L) + w 2 (K) — 0, and this case of the theorem is proved. □ 

Claim 4.1. Suppose that K 2 ,L 2 C M n+2 is a pair of disjoint connected orientable submanifolds and 
a frame of K and L is given on dK and dL, respectively. Then w 2 (K\j,L) = w 2 (K) + w 2 {L), where the 
groups Hq{X; Z/2Z) are identified with Z/2Z for X = K$L, K and L. 

Proof of Claim J^.l. Take a pair of small 2-disks k C K and I C L. Let kl = S 1 x / be a narrow tube 
such that dkl = dkUdl and kl is tangent to both disks k and I. Fix a trivial frame of k and I (and, 
consequently, of dk and dl). 

By the above geometric definition it follows easily that w 2 {K$L) — w 2 (K — k) + w 2 (kl) +w 2 (L — l). 
On the other hand, one can check analogously that w 2 (K) — w 2 (K — k) + w 2 (k) and w 2 (L) — w 2 (L — 
I) + w 2 (l). Since w 2 (kl) = w 2 (k) = w 2 (l) = 0, it follows that w 2 {K$L) = w 2 (K) + w 2 (L). □ 

Completion of the proof of Theorem 1.1. a in the case when w 2 (M)-p 2 H 2 (M,Z) = 0. It suffices 
to show that for fixed [L{\ the map [L 2 ] t— > w 2 (L) is well-defined and is a bijection deg -1 a — > Z/2Z. 

Let us prove that the map is well-defined. Let L[ and L' 2 be a pair of framed submanifolds of M 
framed cobordant to L\ and L 2 respectively. Let V be a (not framed) cobordism between them. It 
suffices to prove that w 2 (L) — w 2 (L') in case when L\ and L[, L 2 and L' 2 , L and V are in general 
position. 
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Assume that Li, L[ C M x 1, L 2 , L' 2 C M x and L,L' d M x [0, 1]. Change the sign of the first 
vector field belonging to the framings of L[ and L' 2 . Denote the obtained framed submanifolds by —L[ 
and — L 2 , respectively. 

Denote by w 2 {—L') the relative Stiefel- Whitney class of L with the reversed framing of dL' . Then 
w 2 (—L') = —w 2 (L'). Further, both L\ U (—L[) and L 2 U (— L 2 ) are framed cobordant to zero, i. e. to 
an empty submanifold. Let L + C M x [1, +00) and L_ C M x (—00, 0] be the corresponding framed 
cobordisms. Then w 2 (L + ) = w 2 (L_) = 0. 

By general position Lf]L' = 0. Denote by K = L U L + Ul'UL_ By the above geometric definition 
it follows easily that 

w 2 (K) = w 2 {L) + w 2 {L+) + w 2 (-L') + w 2 {L_) = w 2 (L) - w 2 (L'). 

It suffices to show that w 2 (K) = 0. Let /3 be the cohomological class of image of K under the 
projection M x M — > M. Analogously to the proof of the previous case of the theorem we see that 
w 2 {K) — w 2 (M) ■ p 2 (3 — 0, hence w 2 (L) = w 2 {L') and our map deg -1 a — > Z/2Z is well-defined. 

Now let us prove that our map is injective. It suffices to show that if L' 2 is a framed 1-submanifold 
and V is a connected 2-dimensional embedded cobordism (not framed) between L\ and L' 2 such that 
iDa (L) = w 2 (L'), then [L 2 ] = [L' 2 \. 

Indeed, we may assume that L\ C M x 0, L 2 C M x 1, i 2 C M x (-1), L C M x [0, 1] and 
L' C M x [—1,0]. Then L U L' is a cobordism between L 2 and L 2 - By the above geometric definition it 
follows that w 2 (L\JL') = w 2 (L) + w 2 (L') = 0, hence LUL' can be framed. So our map deg^a -> Z/2Z 
is injective. 

Let us prove that our map is surjective. It suffices to show that some [L 2 ] is mapped to 1. Since M 
is orientable, it follows there exists a framing f\ of L\. Fix a homeomorphism L\ = S 1 . 

Denote by fi(x) the choice of the framing at the point x G S 1 . Take a map ip: S 1 — > SO(n) realizing 
a nonzero element of 7Ti(50(n)) = Z/2Z (which is true because n > 3). Define a new framing / 2 of L\ 
by the formula f 2 (x) = ip(x)fi(x). 

The obtained framed submanifold is the required submanifold L 2 . Indeed, take L = L\ x I. Then 
w 2 (L) = 1. Indeed, assume the converse. Then the frames of L\ and L 2 can be extended to the frame 
of Li x /. This frame gives the homotopy between tp and the constant map in SO(n), which contradicts 
the choice of p. This contradiction completes the proof of Theorem 1.1. a. □ 
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O TEOPEME IIOHTPJirHHA-CTHHPOAA-By 



^D,yinaH PenoBin, Mnxanji Ckoitghkob h OyjiBna Cnarrnapn 

Ahhotal(hji. flaHHaa pa6oTa nocBameHa roMOTonHiecKoii KjiaccH(pHKaHHH OTo6pa5KeHHH (n + 1)- 
MepHBix MHoroo6pa3Hft b n-MepHyro ccpepy. fljia OTo6pa?KeHHa / : M n+1 — > S n cmenenb deg / 6 
-H"i(M;Z) ecTb Kjiacc, flBOHCTBeHHbiH /*[S n ], rfle [S n ] £ H n (S n ;'Z) — dryimaMeHTajibHuii Kjiacc. B 
pa6oTe npHBO^HTca npocToe ^OKa3aTGJiBCTBO cjie^ryfomero nacTHoro cjiynaa TeopeMbi IIoHTparHHa- 
CTHHpofla-By: 

Teopeiaa. Ilycmb M — cen3Hoe opuenmupyeMoe 3aMK,nymoe SAadxoe {n + l)-Mnozoo6pa3ue, n > 3. 
Tosda omo6paMcenue deg : ir n (M) — » Hi(M;Z) nejinemcn 

1- 1 omo6paotceHueM (6ueK%uetl) , ecAU u>2(M) ■ p2H2(M;Z) ^ 0; 

2- 1 omoSpaMceuueM (mo ecmb KOMcduil SAeMeum a € Hi(M;Z) uMeem poeno 2 npoo6pa,3a) — 
uuane. 

^D,OKa3aTejiBCTBO ocHOBaHO Ha KOHCTpyKnnH IloHTparHHa-ToMa h reoMeTpnnecKOM nocTpoeHHH Kjiac- 

COB IIlTHtJxJ'ejia-yHTHH Wi(M). 

ITycTb M — CBH3Hoe opiieHTiipyeMoe 3aMKHyToe rjia^Koe MHoroo6pa3iie pa3MepHOCTH n + k. 06o3Ha- 
hhm nepe3 Lk(M) mhojkgctbo fc-MepHbix ocHameHHbix 3airenjieHiiii b M c to^hoctbio ,a;o ocHameHHoro 
Ko6op,a;H3Ma. CorjiacHO KOHCTpyKiniH IloHTparHHa-ToMa, mhojkgctbo Lk(M) Haxo/niTca b 1-1 cooTBeT- 

CTBHH C MHOJKeCTBOM 7T™(M) = [M] S n ] HenpepblBHblX OTo6pa»CeHHH M — > S n C TO^HOCTbK) flO TOMOTO- 

niiii. OcHOBHaa uejib Hanieii CTaTbH — ormcaTb MHOJKecTBO Lfc(Af) = n n (M) npii k = 1 b ,1 CTa6iiJibHOM 
paHre" n > 3. B CTaTbax [H[7] (cpaBHH c [3, §30.3]) oniicaHiie MHOJKecTBa L k (M) 6mjio CBefleHO k bhhic- 
jieHHio craHpoflOBbix KBa^paTOB , KOTopoe 6mjio npoflejiaHO By (cpaBHii c (3j §30. 2. D]). B ^aHHoii CTaTbe 
npHBO,a;HTCH npocToe flOKa3aTejibCTBO 3Toii KjiaccHC^HKaHHOHHoii TeopeMbi IIoHTparHHa-CTHHpofla-By. 
EcTb ocHOBaHHa nonaraTb, hto sto h ecTb nepBOHa^ajibHoe paccyjK^eHHe IloHTparHHa, KOTopoe oh He 
ony6jiHKOBaji, o6paTHBiHHCb cpa3y k o6meMy cjiyHaro, Koryja M HBJiaeTca npoH3BOJibHbiM nojiHS^poM 
(cm. TeopeMy [2] HH»ce h 3aMeHaHneM nocjie ee dpopMyjiiipoBKii) . 

/JaHHaa KjiacciKpHKauHH ocHameHHbix 3au;enjieHHH ocHOBaHa Ha iiohhthh ecTecTBeHHoii opiieHTainiH 
h CTeneHH ocHameHoro 3au;enjieHHfl, onpe^ejiaeMbix cjie/iyiornHM o6pa30M. OiiKcnpyeM opiieHTainiio M. 
PaccMOTpnM TO^xy x ocHameHHoro 3an,enjieHHH L h ocHameHHe /i, ...,/„ b stoh TO^xe. Ba3HC ei, . . . , 
KacaTejibHoro npocTpaHCTBa T X (L) Ha30B6M noAoatcumeAbHUM, ecra 6a3HC e%, . . . , efc, fx, . . . , f n npo- 
CTpaHCTBa T X (M) nanojKHTejieH. Cmenenb degL ocHameHHoro 3an,enjieHHfl L ecTb (Ltejio^HCJienHbiii) 
roMOJiorH^ecKHii Kjiacc u;HKjia L c ecTecTBeHHoii opHeHTainieii. TeM caMMM HMeeM OTo6pa»ceHHe 

deg: L k (M)^H k (M;Z). 

TeopeMa Xoncpa-ynTHH 1932-35 yTBep»c^,aeT, ^to ^aHHoe OTo6pa»ceHHe 6h6kthbho npn k = h ciopTj- 

GKTHBHO npH k = 1. 

TeopeMa 1. (a) Ilycmb M — cen3noe opuenmupyeMoe 3aMKHymoe sjiadnoe (n+l)-MHoeoo6pa,3ue, n > 3. 
Tozda deg : Li(M) — » i?i(M;Z) aejinemcM, 

1- 1 omo6pacHceHueM (mo ecmb 6ueKv i ueu), ecjiu W2(M) ■ p2H2(M;Z) ^ 0; 

2- 1 omo6pacHceHueM (mo ecmb KacHcduu 9JieMeuma £ iii(M;Z) ujueem poeno 2 npoo6pa,3a) — undue, 
(b) Ilycmb M — cesi3noe opuenmupyeMoe 3dMKnymoe zjiadnoe (n + 2)-Mnosoo6pa3ue, n > 3. SjieMenm 

a jieoKum e o6pa3e omo6paotcenuM deg : L2{M) — » H2(M; Z) ec/t« m mojibKO ecjiu p2a ■ W2(M) = 0. 

3^ecb • o6o3HaHaeT yMHoaceHHe HkiM;^) x H k (M;Z,2) — > Z2. Ho b AOKa3aTejibCTBe stoh TeopeMbi 
yflo6Hee 3aMeHHTb KJiaccbi LUTHCpdpejia-yHTHH ^,BoiicTBeHHbiMH k him roMonorii^ecKHMH KJiaccaMH (ix 
reoMeTpn^ecKoe onpe^,ejieHHe HanoMiiHaeTca HH»ce). HnjKe sth roMOJiorn^ecKHe KJiaccbi o6o3HaHaiOTca 
TeMH me 6yKBaMH u>i h uli, a • o6o3HaHaeT nepece^eHne Hi(M) x Hj(M) — > Hi + j^ m {M). 3aMeTHM, hto 
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ycjiOBiie P2/3 ■ w%{M) ^ b cjiy^ae (a) TeopeMbi [JJ Hejib3a ocjia6nTb W2(M) ^ (xaK noKa3biBaeT 
npHMep M = MP 4 ). 

Teopeivia 2 (noHTparim) . (a) Tlycmb M 3 — cen3Hoe opuenmupyeMoe 3aMKHymoe ZAadnoe 3-Muozoo6pa3ue. 
Tosda 3am Kaotcdozo SAeMenma a. E Hx(M 3 ;Z) ujueemcM 63auMHO-odH03HaHHoe coomeemcmeue juecncdy 
MHOcucecmeaMU deg~ a u ^2d(a); g de d(a) — deAUMOcrrib npoeK%uu 9AeMeuma a ua ceo6odnym nacrrib 
zpynnu Hx{M 3 ;1). 

(b) Tlycmb M — cen3noe opuenmupyeMoe 3dMKnymoe 4-Muozoo6pa3ue. dAeMenm a Aeotcum e o6pa,3e 
omo6paotceHUM deg : Z^Af) — » H2(M; Z) ecAU u moAbKO ecAU a ■ a = 0. 

TeopeMa noHTparHHa [Hb mojkbt 6biTb ,a;oKa3aHa aHajioriiHHO ,a;0Ka3aTejibCTBy TeopeMbi [TJb HH»ce. 
MeTO,a;bi ^aHHOH pa6oTbi MoryT 6biTb npnMeHeHbi Taxace rjir ,a;0Ka3aTejibCTBa TeopeMbi [2la, ccpopMyjin- 
poBaHHoii 6e3 ,n,OKa3aTejibCTBa b [5]. (Ha caMOM #ejie, TeopeMa (2ja 6buia ccpopMyjinpoBaHa He b CTaTbe 
[5], HanncaHHoii no-aHrjiniicKH, a TOJibKO b pe3K3Me, HamicaHHOM no-pyccKH, 6e3 yKa3aHHH k ^,OKa3aTejib- 
CTBy.) /JoKa3aTejibCTBO TeopeMbi [2] ony6jiHKOBaHO, HanpiiMep, b [TJ. 

reoMeTpniecKoe onpe,n;ejieHHe roMOJiornnecKHX KJiaccoB IIlTHCpcpejiH-yHTHH. 

PaccMOTpnM CHCTeMy s KacaTejibHbix BeKTopHbix nojieii o6mero nojiojKeHHH Ha M. IlycTb £ C M — 

MHOJKeCTBO TOHeK, B KOTOpblX flaHHbie BeKTOpHbie nOJIH JIHHeHHO 3aBHCHMbI. Ilo TpaHCBepCajIbHOCTH [2J 

§10.3] £ flBJiaeTCH nceB,n,OMHoroo6pa3HeM b M. Kaocc IIImu(f)(f)eAJi-yumHUWn+2-s{L) E i/ s _i(M;Z2) — 
3to roMOJiorn^ecKHH Kjiacc nceB,a;oMHoroo6pa3HH £ (sto nepBoe npenaTCTBne k cymecTBOBaHHio CHCTeMbi 
s jiHHefiHO He3aBHCHMbix KacaTejibHbix BeKTopHbix nojieii Ha M). 

/JaHHoe onpe,a;ejieHHe Jierxo o6o6in,aeTCH Ha cjiyHaii, scoria KacaTejibHbie BeKTOpHbie nojia Ha M 3aMe- 
haiotch Ha ce^eHHfl npoH3BOJibHoro BeKTopHoro paccjioeHHH c 6a3oii M . JIrr noflMHoroo6pa3Ha LcM 
KJiaccbi IIlTH(p(pejiH-yHTHH HopMajibHoro paccjioeHHH k L b M h orpaHHHeHHH TM Ha L onpe^,ejiHK)TCfl 
aHajionriHO h oGosHaiaiOTCH Hepe3 Wi{L) h Wi{M)\L, cooTBeTCTBeHHO. 

Mm co6npaeMCfl Hcnojib30BaTb TaKxe OTHOCHTejibHbie KJiaccbi niTHcbcbejia-yHTHH. Ohh onpe,a;ejiH- 
iotch cjieflyionniM o6pa30M. IlycTb L C M x I — Z-MepHbiii (HeocHameHHbiii) ko6op,iih3m Meynjiy ocHa- 
meHHMMH noflMHoroo6pa3HAMH L\ h L2. IlpoflOJiJKHM ocHameHne / xpaa dL = Li U L2 A® CHCTeMbi 
m — I — 1 HopMajibHbix BeKTopHbix nojieii o6mero nojio»ceHHfl Ha L. Onpe^ejinM OTHOCHTejibHbiii Kjiacc 
IIlTH(p(pejiH-yHTHH W2(L,f) E Hi^iL'^i) Rax Kjiacc (I — 2)-nceBflOMHoroo6pa3HH, b TOiKax KOToporo 
nocTpoeHHbie BeKTOpHbie nojia jiHHeiiHO 3aBHCHMbi (sto nepBoe npenaTCTBHe k npoflOJiJKeHHio 0CHam;eHHH 
dL Ha L). Mm 6ya;eM onycxaTb / H3 o6o3Ha x ieHHfl KJiaccoB IIlTHdpdpejifl-yHTHH b cjiy^ae, scoria sto He 
npHBe^eT k Heo^HOSHaHHOMy npo^TeHHio. 

floKa3amejibcmeo meopeMu[I[b. (J\. PenoBin h <1>. CnarrHapn) Bo3bMeM npoH3BOJibHbiii sjieMem a E 
H2(M;7*). PeajiH3yeM Kjiacc a opneHTHpyeMbiM 2-MHoroo6pa3neM L. OneBH^HO, a E Imdeg ecjin h 
TOJibKO ecjin no,nMHoroo6pa3He L mojkho ocHacTHTb (npn HeKOTopoM Bbi6ope npe,a;cTaBHTejiH L). 

B flajibHennieM ciHTaeM L cbh3hmm. /JeiicTBHTejibHO, nycTb HexoTopoe HecBH3Hoe L peajiH3yeT Kjiacc a 
h L mojkho ocHacTHTb. Tor^a c^ejiaeM CBH3Hyio cyMMy Bcex KOMnoHeHT L. Ilojiy^eHHoe no,i],MHoroo6pa3He 
cbh3ho, ero TaKJKe mojkho ocHacTHTb h oho peajiH3yeT tot me roMOJiornHecKHii Kjiacc. 

IloKajKeM, hto L momcho ocHacmumb, ecAU moAbKO ecAU W2{L) = 0. ^amioe ycjiOBHe, OHeBH^HO, hb- 
jiaeTca Heo6xo,a;HMbiM, corjiacHO ,a;aHHOMy Bbinie reoMeTpn^iecKOMy onpeflejieHHio KJiaccoB IIlTHdpdpejifl- 
ynTHH. /JoKajKeM ^ocTaTO^HOCTb 9Toro ycjiOBHfl. Ilpe,i];nojiO}KHM, hto W2{L) — 0. CTaH^apTHbiMH MeTO- 
,a;aMH TeopHH npenaTCTBHii mojkho noxasaTb, hto Tor,a;a Ha L cymecTByeT opTOHopMnpoBaHHaa CHCTeMa 
HopMajibHbix BeKTopHbix nojieii fx,..., f n -i (t&k xax n > 3 h dimL = 2 |3|). Tax xax L 2 h M n+2 opneH- 
TnpyeMbi, to HopMajibHoe paccjioeHne k L b M opneHTHpyeMO. <!>HKCHpyeM ero opneHTaHHio. ^onojiHHH 
fx, ■ ■ ■ , fn-i e^HHHHHMM BeKTopoM f n flo nojio>KHTejibHoro 6a3Hca (oTHOCHTejibHO Bbi6paHHOH opneHTa- 
u;hh), nojiy^HM HCKOMoe ocHameHne MHoroo6pa3HH L. Bbi,a;ejieHHoe KypcHBOM yTBepjK,a;eHHe flOKa3aHO. 

Tenepb TeopeMa [TJb cjie^yeT H3 paBeHCTBa 

w 2 (L) = w 2 (M)\ L = w 2 (M) ■ [L] = w 2 {M) ■ p 2 a. 

/Ja,n;HM Heo6xo,a;HMbie noacHeHHfl. 3flecb h ^ajiee mm OTOJKflecTBjiaeM c Z2 Bee rpynnbi Ho(X;Z,2), H30- 
MopcpHbie Z2 . B ^aHHOH iieno^Ke paBeHCTB nepBoe paBeHCTBO nojiy^aeTca H3 dpopMyjibi By fljifl KJiaccoB 
niTHdpdpejiH-yHTHH cyMMbi flByx paccjioeHHii: W2(M)\l = W2(L) + Wx(L) ■ wx(L) + W2(L), b KOTopoii 
W2(L) — wx{L) — 0, Tax xax L — opneHTHpyeMoe 2-MHoroo6pa3He. (IlepBoe paBeHCTBO MoaceT 6biTb TaK- 
»ce flOKa3aHO Henocpe^CTBeHHO . ) BTopoe paBeHCTBO cjie^yeT H3 TeoMeTpHHecKoro onpe^ejieHHa Bbinie, 
nocKOJibKy L cbh3ho. IlocjieflHee paBeHCTBO b Hanieii ijenoHKe BbinojiHaeTca no onpeflejieHHio noflMHoro- 
o6pa3HH L. □ 

HanaAO doKa3amejibcmea meopejwwdPaccMOTpHM 3JieMeHT a E Hx(M;Z), Hania n,ejib — BbiacHHTb, 
CKOJibKO cymecTByeT nonapHO HeKo6op^,aHTHbix ocHam,eHHbix 3aH,enjieHHii Li TaKHx, hto degL^ = a. 



IlycTb Li,L,2 C M — napa ocHameHHbix 3anenjieHHH (l-no#MHoroo6pa3HH), Taxnx ito degLi = 
degL 2 = ot. 06o3Ha x iHM nepe3 [L{\ h [L 2 ] hx KJiaccbi b L\(M). Tax KaK L\ h L 2 roMOJiorHHHbi, no 
o6meMy nanojKeHHio cymecTByeT BJiojKeHHbiii opneHTHpoBaHHbiH (HeocHaineHHbiii) Ko6op^ni3M MejK^y 

HHMH 

L C M X I,dL = Lx UL 2 . 

Hcho, hto [L{\ = [L2], ecjiH h TOJibKO ecnn fljin HeKOToporo Taxoro L 3a^aHHoe ocHameHne dL npo^on- 
jKaeTCH Ha L. Tax KaK M CBa3HO, mm mojkcm CHHTaTb L cbh3hmm. 

IloKajKeM, hto ocnauifinue npan dL npodaacHcaemcji na ece L ecjiu u mojibno earn omnocumeAbnuu 
KJiacc IIImu(f)(f}eAM-yumHU w 2 (L) = 0. CorjiacHO reoMeTpn^ecKOMy onpe,a;ejieHHio Bbiine sto ycnoBHe 
Heo6xo^,HMO. ^OKajKeM ero ^ocTaTO^HOCTb. IIpe^nojiojKHM, hto w) 2 (L) = 0. CTaH^apTHbiMH MeTOflaniH 
TeopnH npenaTCTBHii mojkho noxasaTb, hto Tor^a nepBbie n — 1 BeKTopHbix nonefi ocHameHHH npo^an- 
»caiOTca ,no opTOHopMiipoBaHHOH chctcmm BeKTopHbix nojieii Ha L (rax KaK n > 3 h dimL = 2 [3j). Tax 
xaK L h M x / opneHTHpyeMM, a Ii h L2 gctgctbghho opneHTHpoBaHbi, to b HopMajibHOM paccjioeHHH 
k L ecTb ecTecTBeHHaa opneHTainiH, HH^ynnpyiomaa ecTecTBeHHbie opneHTauHH L\ h L 2 . /^onojiHHM no- 
CTpoeHHyio opTOHopMHpoBaHHyio CHCT6My n — 1 HopMajibHbix B6KTopoB b Ka>K^,OH TOHKe MHoroo6pa3Ha L 
e^HHH^HbiM BeKTopoM flp opTOHopMHpoBaHHoro 6a3Hca, opneHTHpoBaHHoro nojio>KHTejibHO. B pe3yjibTa- 
Te nojiy^HM Tpe6yeMoe ocHameHne MHoroo6pa3na L. TeM caMMM yTBepjK^eHHe, BbmejieHHoe KypcHBOM, 
,a;oKa3aHO. 

3aeepuieHue doKa3amejibcmea meopeMuU} e cjiyuae W2{M) ■ p2H2(M,Z) ^ 0. HaM ^ocTaTOiHO no- 
Ka3aTb, hto b 3tom cnynae jno6bie rb& ocHameHHbix 3an;enjieHHa o^HHaKOBOH CTeneHH ocHameHHO ko- 
6op^aHTHbi. Ilpe^nojiojKHM, ot npoTHBHoro, hto L\ h L2 — napa (ocHameHHo) HeKo6op^,aHTHbix 3anen- 
jieHHH, L — HeocHam,eHHbiii Ko6op,n,H3M MejK^y hhmh. Ecjih w 2 (L) — 0, to cpa3y nojiyiaeM npoTHBO- 
pe^ne (cm. BbmejieHHoe yTBep^K^eHHe b Ha^ajie ,a;0Ka3aTejibCTBa TeopeMbi [lj . ITosTOMy npe,a;nojio»;HM, 
hto w 2 (L) = 1. 3^ecb w 2 (L) € i?o(L;Z 2 ) — ^2, Tax KaK L cb33ho. IToctpohm Tor,i;a hobhi Ko6op- 
^H3M V MejK^y t6mh »ce ocHam,eHHbiMn 3an;enjieHHaMH L\ n L2, rjik KOToporo W2{L') = 0. PaccMOTpnM 
sjieMeHT (3 G H2(M;Z), Taxon ^to W2(M) ■ P2P = 1. IlycTb K c M x i — CBa3Hoe opneHTnpyeMoe 
2-no^,MHoroo6pa3ne o6m,ero nojio»ceHHa, peajiH3yK>inee KJiacc (3. Tor^a 

w 2 {K) = w 2 {M)\ K = w 2 {M) ■ [K] = w 2 (M) -p 2 P = l mod 2. 

^eiicTBHTejibHO, nepBoe paBeHCTBO b ^aHHoii iieno^Ke paBeHCTB cjie^,yeT H3 dpopMyjibi By pjm KJiaccoB 
UlTHCpcpejia-YHTHH cyMMbi ^Byx paccjioeHHii: W2(M)\k = W2{K) + w\(K) ■ w\{K) + u>2(K), b koto- 
poii w 2 (K) — w\{K) = 0, TaK KaK K — opneHTHpyeMoe 2-MHoroo6pa3ne. (IlepBoe paBeHCTBO MO»ceT 
6biTb TaK»ce ,a;oKa3aHO n Henocpe,a;cTBeHHO.) BTopoe paBGHCTBO cjie^yeT H3 reoMeTpn^ecKoro onpe,a;ejie- 
HHa KJiaccoB IIlTH(pejia-yHTHH, nocKOJibKy K CB33H0. 

IIojiojkhm L' = L%K (L fl K = no o6meMy nojio»ceHHio) . Tor,a;a W2{L') — u>2(L) + W2(K) = (cm. 
HecjiojKHoe yTBepjK^eHne[3]HH>Ke). TeM caMMM L' mojkho ocHacTHTb. Ilojiy^aeM npoTHBopeHne, KOTopoe 
^OKa3biBaeT TeopeMy[Tjn 

yTBepxc^eHHe 3. Ilycmb K 2 ,L 2 C M n+2 — napa nenepeceKammuxcM com3hux opuenmupyeMUX nod- 
MHOzoo6pa3uiL c KpaeM, npuneM na dK and dL 3adanu ocuauifinusi. Tozda 

w 2 (mL) = W2(K)+w 2 (L), 

sde spynnu Ho(X;Z*2) omootcdecmejinmmcsi c Z2 djix X = K%L, K u L. 

JJoKa3amejibcmeo ymeepofcdemtJiWl PaccMOTpnM napy Majibix 2-,u;hckob k C K n I C L. IlycTb kl = 
S 1 x I — y3Kaa Tpy6Ka, rjir KOTopofi dkl — dkUdl a kl KacaeTca ^,hckob k a I. <J>HKcnpyeM TpnBnajibHbie 
ocHam,eHna ^hckob k h I (n, cne^OBaTejibHO, hx rpaHnn, dk n dl). H3 reoMeTpHHecKoro onpe^ejieHna Bbinie 
jictko BH,a;eTb, ^to W2{K$L) = W2(K — k) + W2{kl) + W2(L — I). C flpyroii ctopohm, aHajiorn^HO mojkho 
npoBepnTb, hto w 2 {K) = u>2(K — k) + W2(k) n w 2 (L) = W2{L — I) + w 2 (l)- Tax KaK w 2 (kl) = W2{k) = 
W2{1) — 0, to H3 3thx Tpex paBeHCTB nojiy^aeM Tpe6yeMoe w 2 (K$L) = W2(K) + w 2 (L). □ 

3aeepuieuue doKa3amejibcmea meopeMuU} e cjiyuae W2(M) ■ p2H2(M,Z) = 0. HaM ^ocTaTO^HO noKa- 
3aTb, hto ,a;jia (pHKcnpoBaHHoro [L{\ OTo6pa»ceHHe [L 2 ] 1— > w 2 (L) onpe,a;ejieHO KoppeKTHO n ,a;aeT 6hckli;hio 
deg -1 a — > Z 2 . 

KoppeKmnocmb onpedejienuM, omo6paoKenusi [L 2 ] > w 2 (L). IlycTb L' x h L' 2 — napa ocHameHHbix 
3an,enjieHnn b M, ocHam,eHHO Ko6op^;aHTHbix L\ h L2 cooTBeTCTBeHHO. IlycTb L — (HeocHameHHbiH) ko- 
6op,a;H3M MejKfly hhmh. /JocTaTO^HO noKa3aTb, ^to W2(L) — W2{L'), npnneM TOJibKO rtlsi cjiy^aa, Kor,i;a 
L\ h L\, L2 h L' 2 , L h L' Haxo,a;aTCH b o6in;eM nojioJKeHHH. By,a;eM CHHTaTb TaK»ce, hto Li, Lj C M x 1, 
L2,L' 2 C M X h L, L' C M x [0,1]. IfeMemiM 3HaK nepBoro BeKTopHoro nana ocHam,eHHii 3an,en- 
jieHHii L\ h L' 2 . 06o3Ha x iHM nojiyneHHbie 0CHam,eHHbie 3an;enjieHHa ^epes —L\ h — L' 2 cooTBeTCTBeHHO. 



06o3HaHHM Hepe3 U)2{—L') OTHOCiiTejibHbiii KJiacc lXlTHcbcbejifl-yiiTHii fljia MHoroo6pa3HH V c o6pa- 
meHHMMH 0CHain,eHHHMH rpaHiiiibi dL' (ohh nocTpoeHbi Bbiine). Tor,na w 2 (—L') = —W2(L'). ^ajiee, xax 
L\ U (— L'i), Tax 11 L2 U (—-^2) ocHain,eHHO Ko6op,naHTHbi Hyjiio, to ecTb nycTOMy 3au,enjieHHio. IlycTb 
L + C M x [l,+oo) h L_ C A'/ x (— 00, 0] — cooTBGTCTByiomHG ocHameHHbie Ko6op,n,ii3Mbi. Tor,n,a no 
onpeflejieHHio W2{L+) = w 2 (L_) = 0. Ilo o6in;eMy nojioJKeHiiio L n L' = 0. PaccMOTpnM MHoroo6pa3iie 
K = L L) L + UL'U L_. H3 reoMeTpii^ecKoro onpeflejieiiiiH jierxo BimeTb , ito 

w 2 {K) = w 2 (L) + w 2 (L+) + w 2 (-L') + w 2 {L-) = w 2 (L) - w 2 (L'). 

IlosTOMy fl/isi ^OKa3aTejibCTBa KoppeKTHOCTii HaM ocTaeTCH noKa3aTb, hto W2(K) = 0. CnpoeKTiipyeM K 
eaMc noMombio 'BepTHKajibHoii' npoeiariiii M x K — > M . IlycTb (3 — nejiOHiicneHHbiii roMOJioriinecKiiH 
KJiacc o6pa3a MHoroo6pa3ii5i K npii flamioii npoeiariiii. Ho W2(K) = W2(M) ■ P2P — 0. KoppeKTHOCTb 
Hainero onpe^ejieHiifl #OKa3aHa. 

HnzeKmueHocmb omo6paotceHusi [L2] 1— > W2(L). IlycTb L' 2 — ocHameHHoe 3anenjieHiie, L' — CBfl3Hbiii 
(HeocHameHHbra) Ko6op#ii3M Me»my L\ 11 L' 2 . ^ocTaTOHHO ,npKa3aTb, ito ecnii W2{L) = W2(L'), to 
[L 2 ] = [L 2 ]- B caMOM flejie, mojkho CTiiTaTb, ^to Li C M x 0, L 2 C M x 1, L' 2 c M x (-1), L c M x [0, 1] 
h L' C M x [—1,0]. Tor^a L U L' 6yi;eT (HeocHameHHbiM) ko6op,h,ii3mom MejKfly L2 h L' 2 . CorjiacHO 
reoMeTpn^ecKOMy onpe,a;ejieHHio Bbiine u>2(L U L') = w 2 (L) + W2(L') = 0, ^to ,n,OKa3biBaeT Tpe6yeMyio 

HHieKTHBHOCTb . 

CwpzeKmueHocmb omo6paotceHusi [L2] >— ► W2(L). ^ocTaTOHHO noxasaTb, hto HeKOTopbiii KJiacc [L2] 
OTo6pa»caeTC5i b 1. Mojkho CHiiTaTb L\ = S . OiiKCiipyeM ^aiiHbra roMeoMopcbii3M. Tax k&k M opiieH- 
TiipyGMO, to cymecTByeT ocHaineHiie f\ KpiiBoii L\. 06o3Ha x iHM ^epes f\{x) penep ocHamemra b tohkg 
x e S 1 . Bo3bMeM OTo6pa»ceHHe ip : S 1 — > SO(n), peajiH3yiomee o6pa3yiomyio iri(SO(n)) = Z 2 (hto 
cnpaBe^,jiHBO BBii^y n > 3). Onpe^ejiHM HOBoe ocHameHHe /2 KpiiBoii L\ (popMyjioii f2(%) = f{x)fi(x). 
Ilojiy^eHHoe ocHameHHaa KpHBaa L2 — KpiiBaa L\ c 0CHam,eHHeM ji — HCKOMaa. IlpoBepHM sto. Bo3bMeM 
L = L\X I . JlerKO Bii^eTb, ^to u>2(L) = 1. ^eiicTBHTejibHO, npe^nojiojKHM npoTiiBHoe. Tor^a ocHameHHH 
fi 11 ji npoflOJKKaiOTca flo ocHameHHii iinjiHHflpa L\ x I. 9to ocHameHHe 3aflaeT roMOToniiio Me>Kfly ip 
h nocTOiiHHbiM OTo6pa>K6Hii6M S 1 — y SO(n), hto npoTiiBopGHiiT Bbi6opy ip. Ilojiy^eHHoe npoTiiBope^iie 
3aBepinaeT flOKa3aTejibCTBO. □ 

Bjiaro/i,apHOCTH. Abtopm 6jiaro^,apHbi A. CKoneHKOBy h pen,eH3eHTy acypHajia Israel Journal of 
Mathematics 3a nojie3Hbie o6cyjK,a;eHH5i h saMe^amifl. 
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